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We present a new cosmological event, which we named the little sibling of the big rip.
This event is much smoother than the big rip singularity. When the little sibling of the big
rip is reached, the Hubble rate and the scale factor blow up but the cosmic derivative of
the Hubble rate does not. This abrupt event takes place at an infinite cosmic time where
the scalar curvature explodes. We show that a doomsday a` la little sibling of the big rip
is compatible with an accelerating universe, indeed at present it would mimic perfectly a
ΛCDM scenario. It turns out that even though the event seems to be harmless as it takes
place in the infinite future, the bound structures in the universe would be unavoidably
destroyed on a finite cosmic time from now. The model can be motivated by considering
that the weak energy condition should not be abusively violated in our Universe, and
it could give us some hints about the status of recently formulated non-linear energy
conditions.
1. Introduction
The issue of singularities is a fascinating area of general relativity.1, 2 The theory
is supposed to cease to be valid close to the singularities and it is expected that
a semi-classical approach to general relativity or a quantum theory of gravity can
cure those singularities. On a cosmological setting the most famous singularities
1
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are the big bang in the past and the big crunch in the future.1 It turns out that
the astonishing discovery of the current acceleration of the universe, as implied
by observations of supernovae of type Ia3 and confirmed by data from the cosmic
microwave background4, 5 and the baryon acoustic oscillations6 among others, has
opened up the possibility of different future doomsdays of the universe.
Depending on the nature of dark energy, causing the present acceleration of
the universe, and its future behaviour, the universe might face completely different
destinies: given the present data, an asymptotically de Sitter-like behaviour where
the universe is eternally expanding is the favoured option but not the unique one. If
the equation of state of dark energy, i.e., the ratio between its pressure and energy
density, is less than -1 then dark energy violates effectively the null energy condition
and the universe could face a big rip singularity,7–11, 11–15 where the scale factor of
the universe, the Hubble rate and its cosmic time derivative blow up in a finite future
cosmic time. It was soon realised that this is not the unique possible doomsday of
a dark energy dominated universe. Indeed, the universe might end up in a sudden
singularity16–18 (or even a type IV singularity18 if gravity deviates from general
relativity at late-time), a big freeze doomsday15, 18–21 or what has been recently
named a little rip,22 even though previously discovered in general relativity18, 23
and modified theories of gravity of the kind of brane-world.24
The purpose of this paper is to present a new event which we named the little
sibling of the big rip, where the scalar curvature blows up due to a divergence of
the Hubble parameter, even though the derivative of the Hubble parameter is finite
at the event. In addition, the little sibling of the big rip is reached in an infinite
cosmic time. We used: (i) the name sibling because like on a big rip singularity, the
Hubble rate diverges and (ii) little because it takes the universe an infinite cosmic
time to reach the event like what happens with the little rip event. We will show
as well how this model incorporates in a natural way an accelerating phase for a
homogeneous and isotropic universe.
The paper is outlined as follows. In the next section, we introduce the model and
discuss its cosmological solutions. In section III, we present a clear motivation of the
model from the point of view of some energy conditions, and study the behaviour
of the model regarding other energy conditions. Then, in section IV, we discuss the
outcome of bound structure when the universe approaches the little sibling of the
big rip and finally we conclude and summarise our results in section V.
2. The little sibling of the big rip
We start considering a spatially flat Friedmann-Lemaˆıtre-Robertson-Walker
(FLRW) universe filled with (dark) matter and dark energy with energy densities
ρmatt and ρDE, respectively
a. The evolution equations are given by the Friedmann
aFor simplicity, we have disregarded the radiation component as we are mainly interested on the
late-time acceleration of the universe and its asymptotic future behaviour. None of the conclusions
presented in this paper are modified by the inclusion of the radiation component.
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equation
H2 =
8πG
3
(ρmatt + ρDE) , (1)
and the Raychaudhuri equation
a¨
a
= −4πG
3
[ρmatt + ρDE + 3pDE] , (2)
where G is the gravitational constant. We assume a dark energy component whose
equation of state deviates slightly from a cosmological constant as followsb
pDE + ρDE = −A
3
, (3)
where A is a positive constant and the coefficient 1/3 has been introduced for
latter convenience. The energy momentum tensor of the perfect fluid describing
dark energy is conserved, implying therefore that ρDE evolves with the scale factor,
a, as
ρDE = Λ+A ln
(
a
a0
)
, (4)
being Λ an integration constant, playing the role of an effective cosmological con-
stant at present and which we will assume positive, and a0 standing for the present
scale factor of the universe. From now on, the subscript 0 stands for quantities
evaluated at the present time.
The relation (4) shows that the energy density ρDE describes a constant energy
density with a logarithmic correction of the scale factor. As we will show a tiny
deviation of the equation of state (3) from that of a cosmological constant; i.e.
a tiny constant A in Eq. (3), implies a little sibling of the big rip on the future
evolution of the universe. More precisely, we will show that the Hubble rate and the
scale factor blow up in an infinite cosmic time while the cosmic derivative of the
Hubble rate remains finite.
The Friedmann and the Raychaudhuri equations can be written as
E2 = Ωme
−3x +ΩΛ +Ωxx, (5)
a¨
a
= −H
2
0
2
[
Ωme
−3x − 2ΩΛ − Ωx(1 + 2x)
]
, (6)
where E = H/H0 is the dimensionless Hubble rate, and
Ωm :=
ρ0matt
3M2PlH
2
0
, ΩΛ :=
ρΛ
3M2PlH
2
0
,
Ωx :=
A
3M2PlH
2
0
, x := ln
(
a
a0
)
, (7)
bA more general equation of state was considered in Ref. 34 which includes as a particular case
Eq. (3). Here we perform a full analysis of the cosmological background evolution of the model,
studying the fate of bound structures in this model and giving a clear motivation for analysing
this model form the point of view of the energy conditions.
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Fig. 1. The blue solid line represents the square of the dimensionless Hubble parameter; i.e. E2
given in Eq. (5), as a function of the variable x related to the scale factor through x = ln(a/a0).
The plot has been done setting Ωm = 0.315, corresponding to the value obtained by the Planck
collaboration,5 and Ωx = 10−3.
with 8πG = M−2Pl being the reduced Planck mass. In Fig. 1 we show the evolution
of E2 for a particular model. Evaluating the Friedmann equation (5) at present; i.e.
x = 0, we obtain the constraint
Ωm +ΩΛ = 1 . (8)
This model mimics the ΛCDM scenario at present as long as |Ωx| ≪ 1 which we will
assume it is the case. Indeed, as long as Ωx ≪ 1 this model mimics a flat ΛCDM
model till now, even though its future behaviour might be quite different. Please
notice as well that although the dark energy component (4) becomes negative in the
past, it is always sub-dominant with respect to dark matter until the future, at least
for physically reasonable values of Ωx such that the model does not deviate too much
from the ΛCDM (we have assumed Ωx . 10
−1). Notice that a similar reasoning
applies to the radiation component of the universe. In fact, for the range of values
assumed for Ωx, the model is at present pretty much similar to the ΛCDM scenario
while the dark energy component is sub-dominant at the big bang nucleosynthesis
period and at the matter domination period.
At present and in the recent past the modified Friedmann equation can be
approximated by
E2 ≈ Ωme−3x + ΩΛ , (9)
whose solution can be expressed as
a(t) ≈ a0
(
Ωm
ΩΛ
) 1
3
sinh
2
3
[
3
2
H0
√
ΩΛ(t− t0)− 1
2
ln
(
1−√ΩΛ
1 +
√
ΩΛ
)]
. (10)
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On the future, the asymptotic behaviour of the Friedmann equation can be
simplified as
E2 ≈ ΩΛ +Ωxx, (11)
whose solution is obtained as
a(t) ≈ a0e−
ΩΛ
Ωx exp
{
1
Ωx
[
Ωx
2
H0(t− t1) +
√
Ωxx1 +ΩΛ
]2}
, (12)
where t1, x1 = ln(a1/a0) and a1 are constants. Therefore, we can rewrite the di-
mensionless Hubble parameter; E, as
E ≈ Ωx
2
H0(t− t1) +
√
ΩΛ +Ωxx1 . (13)
Consequently, the Hubble rate blows up when the cosmic time gets very large.
Amazingly, the time derivative of the Hubble rate remains finite as can be easily
shown from Eq. (13), more explicitly
E˙ ≈ Ωx
2
H0 . (14)
This event is precisely what we named the little sibling of the big rip. It is an
event where the Hubble rate blows up as well as the scale factor, while the cosmic
derivative of the Hubble rate is finite. Consequently, the scalar curvature blows up
at this event which takes place in an infinite cosmic time. We can show as well that
the equation of state of dark energy, wDE, approaches −1. Indeed using Eq. (3), we
obtain
wDE = −1− A
3ρDE
. (15)
As the energy density, ρDE, gets infinitely large in the future, the equation of state
parameter wDE behaves as the one of a cosmological constant. Consequently, the
little sibling of the big rip is much smoother than the little rip and even more than
a big rip. Please notice that even though the equation of state wDE approaches -1
at infinity, the universe is not asymptotically de Sitter because ρDE blows up as
can be easily noticed by considering the conservation equation for the fluid (3). An
alternative way of proving that the asymptotic behaviour does not correspond to a
de Sitter universe is by obtaining the asymptotic value of the scalar curvature on
that regime, R ≈ 8πG(A + 4ρ) which clearly blows up for large ρ, as it is precisely
the case.
Can the dark energy model introduced in Eq. (4) describe the present accelera-
tion of the universe? The deceleration parameter reads
q := −
(
1 +
1
2E2
dE2
dx
)
, (16)
and in particular at present reduces to
q0 = −
(
1− 3
2
Ωm +
1
2
Ωx
)
. (17)
June 25, 2015 0:25 WSPC/INSTRUCTION FILE LSBR-reviewed2015v3
6
q
Fig. 2. The blue solid line represents the square of the deceleration parameter; i.e. q = −(1 +
H˙/H2) given in Eq. (5), as a function of the variable z related to x as z = 1− exp(−x). The plot
has been done setting Ωm = 0.315, corresponding to its Planck value,5 and Ωx = 10−3.
Therefore, the universe is at present accelerating as long as 3Ωm−Ωx < 2, condition
which is fulfilled for the present amount of dark energy and matter Ωm ≃ 0.3155. In
addition, the deviation of the dark energy model Eq. (4) from the ΛCDM, quantified
on Ωx, favours the current acceleration of the universe as compared with the pure
ΛCDM model as shown in Eq. (17). As an example, we show on Fig. 2 the evolution
of the deceleration parameter q as a function of the redshift.
For completeness, we analyse what happens for a similar model of dark energy as
the one described in Eq. (3) but with a negative A or equivalently Ωx < 0. The past
expansion of the universe is unaffected by the sign of A, as long as its absolute value
is within the range mentioned above. However, the future evolution of the universe
depends strongly on the sign of A (cf. Fig. 3). Indeed, if the dark energy density (3)
fulfils the null energy condition (A < 0), the universe bounces at some point in the
future where the scale factor can be approximated as ln(a/a0) ≃ −ΩΛ/Ωx, however
if the dark energy (3) does not fulfil the null energy condition, the universe hits a
little sibling of the big rip singularity in its future. In fact in the case A < 0, the
solution of Eq. (11) is given by (12) with Ωx < 0, and x1 < −ΩΛ/Ωx. The universe
bounces at xb ≃ −ΩΛ/Ωx = −Λ/A, when
tb ≃ t1 − 2
ΩxH0
√
Ωxx1 +ΩΛ . (18)
Plugging the previous relation in Eq (12), we can rewrite the log of the scale factor
as
x ≃ Ωx
4
H20 (t− tb)2 −
ΩΛ
Ωx
, (19)
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Fig. 3. The blue solid line and red dashed line represent the square of the dimensionless Hubble
parameter; i.e. E2 given in Eq. (5), as a function of the variable x related to the scale factor
through x = ln(a/a0) for Ωx = 10−3 and Ωx = −10−3, respectively. The plot has been done
setting Ωm = 0.315, corresponding to its Planck value.5 For negative values of Ωx the universe
hits a bounce while for positive Ωx the universe expands for ever ending in a little sibling of the
big rip.
which results in the following dimensionless Hubble parameter
E ≃ Ωx
2
H0(t− tb) . (20)
The previous solution shows that the universe would contract just after the
bounce (tb < t) returning eventually to its “initial” state when a → 0. This event
can be explained by the fact that the dark energy (4), which is responsible for the
current accelerated expansion of the universe, decreases with the expansion until it
reaches a vanishing value when xb ≃ −Λ/A and where ρm can be neglected. At this
time the universe bounce starting its contraction, this contraction becomes more
and more violent. Indeed the deceleration parameter (17) which is currently roughly
of the order −0.528 can be approximated around the bounce as:
q = −
(
1 +
2
ΩxH20 (t− tb)2
)
. (21)
Consequently, the deceleration parameter increases with the accelerated expansion
and becomes less negative in the future until vanishing at t′1 = tb− 1H0
√
2
|Ωx|
, which
correspond to x ≃ xb − 1/2, and where q changes its sign. Afterwards (t > t′1) the
universe enters a phase of decelerated expansion and the deceleration parameter
gets increasingly positive until it diverges at the bounce, i.e. at t = tb or at x =
xb. For t > tb, the deceleration parameter changes its monotony and decreases
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to less positive values until it vanishes and changes its sign once more time for
t′2 = tb+
1
H0
√
2
|Ωx|
. In this range the contraction of the universe is decelerated. For
t > t′2 the deceleration parameter becomes more and more negative converging to
−1 which correspond to an accelerated contraction. This accelerated contraction
is promoted by the exponential growth of the density of matter which becomes
increasingly important, in this situation the asymptotic behaviour of the Friedmann
equation (11) is no longer valid. Consequently, the competition on the dynamics
of the universe between dark energy and cold dark matter leads to a situation
similar to our recent past or present where the modified Friedmann equation can
be approximated by Eq. (9) which gives the solution (10) but in this case in a
contracting way.
3. Energy conditions
The consideration of a dark fluid; i.e. a dark energy component, given by equation
(3) has a clear motivation coming from the recently formulated quantum version
of the energy conditions,25 although its behaviour in relation to these conditions is
not at all trivial as we will show in this section.
Let us start summarising the linear point-like energy conditions. As is well known
these conditions are not fundamental physics;26 however, they are useful to charac-
terise the kind of fluid we are dealing with. These conditions are:2, 27
• Strong energy condition (SEC): Gravity should always be attractive. In a
cosmological scenario implies
SEC : ρ+ 3p ≥ 0. (22)
• Dominant energy condition (DEC): The energy density measured by any
observer should be non-negative and propagate in a causal way, which leads
to
DEC : ρ ≥ |p|. (23)
• Weak energy condition (WEC): The energy density measured by any ob-
server should be non-negative
WEC : ρ ≥ 0, and ρ+ p ≥ 0. (24)
• Null energy condition (NEC): A minimum requirement which is implied by
SEC and WEC, is
NEC : ρ+ p ≥ 0. (25)
Therefore, its violation implies that none of the mentioned energy condi-
tions are satisfied.
The SEC is known to be violated in classical scenarios26 and in particular it has
to be violated in an accelerating universe like the primordial inflationary phase
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or the current one. Moreover, violations of all these conditions are known when
considering quantum effects.26 Thus, non-linear constraints on the stress-energy
tensor have been introduced recently in the literature.25, 28, 29 It has been shown
that they behave better in the presence of semi-classical quantum effects, although
the potential physical interpretation of some of these conditions is not so clear as
those of their linear counterparts.25 These non-linear conditions are:25, 28, 29
• Flux energy condition (FEC): The energy density measured by any observer
should propagate in a causal way (without imposing any restriction on its
value). This leads to28, 29
FEC : ρ2 ≥ p2, (26)
in a cosmological scenario.
• Determinant energy condition (DETEC): The determinant of the stress-
energy tensor is non-negative, then25
DETEC : ρp3 ≥ 0. (27)
• Trace-of-square energy condition (TOSEC): The trace of the squared stress-
energy tensor is non-negative, which implies25
TOSEC : ρ2 + 3 p2 ≥ 0. (28)
Thus, it is always satisfied in cosmological scenarios.
Moreover, the quantum version of these non-linear energy conditions seem to be
satisfied even for quantum vacuum states. Due to its interesting interpretation the
quantum version of the FEC is of particular relevance. This is29
• Quantum flux energy condition (QFEC): the energy should either propagate
in a causal way or have associated a flux vector with a norm bounded from
above by a quantity depending on the characteristics of the system under
consideration (a characteristics distance of the system L and the system
4-velocity Ua). In a cosmological scenario it would be natural to considerc
L = H−10 ; thus, this condition is expressed as
25
QFEC : ρ2 − p2 ≥ −ǫ2, (29)
with
ǫ = ~H40 ∼ 10−112J s−3. (30)
As it has been pointed out in Ref. 25, a similar quantum formulation of the linear
energy conditions would not be so widely satisfied when considering semi-classical
quantum effects (although they could be fulfilled in some situations where their clas-
sical counterparts are violated, for example, for the Casimir vacuum25). A quantum
version of the WEC has been specifically formulated as25
cOther distances can be considered as happens for example on the holographic dark energy scenario
(see for example 30, 31, 32.).
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• Quantum weak energy condition (QWEC): The energy density measured
by any observer should not be excessively negative, which in a cosmological
scenario would lead to
QWEC : ρ ≥ −ǫ, and ρ+ p ≥ −ǫ. (31)
As the total energy density of the model presented in the previous section, ρm+ρDE,
should always be positive to have a well defined Hubble parameter, the total content
of the universe we are considering could satisfy the QWEC for small enough values
of the parameter A, as one may have
ρm + ρDE + pDE ≥ −A/3 ≥ −ǫ. (32)
Moreover, one could use these quantum conditions to quantify how much the classi-
cal energy conditions are violated. Therefore, the dark energy of this paper could be
interpreted as a fluid which violates the NEC “minimally” if A is small enough. It
must be noted that a covariant formulation of the quantum NEC in the way of the
QWEC introduced in Ref. 25 is not possible (due to an arbitrariness in a normal-
isation factor); however, once the NEC is formulated for a particular stress-energy
tensor (as it is done in (25)) a natural idea of what is a minimal violation could be
considered taking the inequality on the right in (31).
3.1. Phantom fluid A > 0
From the equation of state (3), it is clear that this fluid violates the WEC and the
NEC. As it has already been mentioned the dark fluid of this cosmological model
has a negative energy density in the past history of the universe, where it is a sub-
dominant component. Taking into account (15), it can be concluded that the SEC
(22) associated with the dark fluid is violated when ρDE > 0; nevertheless, it can
be fulfilled at early cosmological epochs when
a < a0 exp
(
−2Λ +A
2A
)
, (33)
since using equation (4) we have
ρDE + 3 pDE = −2Λ−A− 2A ln
(
a
a0
)
. (34)
The QWEC could be satisfied in the present and future evolution of the universe
only for very small departures with respect a cosmological constant. Taking into
account expressions (31) and (30), the QWEC would be fulfilled if
A . 10−112J × s−3. (35)
On the other hand, one can consider the non-linear energy conditions. Taking into
account the equation of state (3), one can express pDE in terms of ρDE and simplify
the FEC (26) to
ρDE ≤ −A
6
. (36)
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Thus, the FEC was only satisfied when the dark component was sub-dominant,
in the early universe. One can conclude that something similar happens with the
DETEC (27), since it can be fulfilled only if wDE ≥ 0. In view of equation (15),
this is only possible for
ρDE < 0, and |ρDE| ≤ A
3
. (37)
Moreover, taking again into account (3), one can simplify the QFEC (29) to
ρDE ≤ 3ǫ
2
2A
− A
6
. (38)
Thus, if the right hand side (r. h. s.) of this inequality is positive, the QFEC as-
sociated with the dark fluid would be satisfied for any negative value of ρDE, and
for small values of the energy density. Taking the value given in (30) this implies
A < 10−112Js−3. Moreover, the smaller is the value of A, the larger would be
the region where the QFEC is satisfied, being infinitely large for the cosmological
constant case A→ 0 as it should be expected.
Table 1. In this table we summarise fulfilment/violation of the different energy conditions by the dark energy fluid. It must
be emphasized that violations of these conditions when this fluid is subdominant would not generically lead to violations of the
conditions for the total cosmic fluid. The inequalities stands for the regime of fulfilment.
Model Epoch NEC WEC SEC QWEC FEC DETEC QFEC
A > 0
early universe: ρDE < 0 ✗ ✗ ρDE ≤ −A2 ✗ ρDE ≤ −
A
6
ρDE ≤ −
A
3
✓A small
present and future ✗ ✗ ✗ ✓A small ✗ ✗ ✓A small
close to the singularity ✗ ✗ ✗ ✓A small ✗ ✗ ✗
A < 0
cosmic evolution ✓ ✓ ρDE ≤ |A|2 ✓ ✓ ✗ ✓
at the bounce ✓ ✓ ✓ ✓ ✗ ✓ ✓A small
3.2. Dark energy fluid A < 0
In this case the dark fluid is always characterised by a positive energy density and
the equation of state fixes
ρDE + pDE =
|A|
3
. (39)
Therefore, the NEC and WEC are clearly satisfied and, therefore, the QWEC. For
the SEC to be satisfied one would need
a ≥ a0exp
(
2Λ− |A|
2|A|
)
≡ ab e−1/2, (40)
where ab corresponds to the scale factor at the bounce (cf. Sect. II) Thus, it would
generically be satisfied when the dark component dominates the evolution. More-
over, as in this case ρDE ≥ 0, then the FEC (26) can be reduce to the DEC (23).
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Both of them are satisfied for
ρDE ≥ ρ∗ = |A|
6
. (41)
That is, these conditions are violated for ρ < ρ∗, which implies a > a∗ with
a∗ = ab e
−1/6 ∼ 0.8 ab. (42)
The violation of these energy conditions close to the bounce could be understood
considering that a bounce may imply a change on the direction of the cosmological
arrow of time.33 Therefore, a condition which is based on requiring a causal flux
would not be suitably well defined close to this direction flip. On the other hand,
the QFEC would be satisfied in a larger region of the cosmological evolution given
by
ρDE ≥ ρ∗∗ = ρ∗ − 3ǫ
2
2|A| . (43)
Thus, the QFEC associated with the dark fluid would be satisfied during the whole
cosmological evolution if |A| < 3ǫ ∼ 10−112Js−3, where the r. h. s. of equation
(43) is negative, and would be violated close to the bounce otherwise. Finally, the
DETEC is satisfied in this model only for
ρDE ≤ |A|
3
, (44)
thus, it is satisfied in the region close to the bound where this fluid dominates
the cosmological dynamics. In Table 1 we summarise fulfilment/violation of the
different energy conditions. It can be seen that for a fluid with an equation of state
with a value of |A| small enough, that is for a slight departure from the cosmological
constant case, the QFEC is violated only in the far future for the phantom model,
whereas it can be satisfied even at the bounce for the dark model. This behaviour is
reinforcing suggestions of an important role of the QFEC,29 as one could think that
the singular behaviour of the phantom fluid at infinity is only possible because the
QFEC is violated there. Moreover, one could also argue that fluids characterized by
large positive values ofA would not satisfy the QFEC because the singular behaviour
could be felt earlier in the physics of the universe, as we will see in the next section.
On the other hand, as was already pointed out in Ref. 29, the quantum linear energy
conditions don’t seem to have the relevance of their non-linear counterparts, as the
QWEC could be fulfilled even when the universe is in a singular state.
4. Fate of the bound structures
In this section, we will study the effects of the accelerated expansion of the universe,
as described in Sect. II, on local bound systems. More precisely, we will consider a
spherical Newtonian object with mass M and a test particle rotating around it in
circular orbit (initially) with a physical radius R, and assume that both objects are
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embedded in a spherically symmetric FLRW background. In Refs. 36, 37, the au-
thors have shown that bound systems with a strong enough coupling in a de Sitter
background will not comove with the accelerating expansion of the Universe. How-
ever it is not the case when general accelerating phases are considered. Therefore, it
is necessary to analyse the evolution equations of the physical radius R of a bound
system, or the geodesic equations, at very late-time when the Universe approaches
a little sibling of the big rip singularity to find out the outcome of bound systems
close to the abrupt event. To carry this analysis, we consider the geodesics of test
particles in the appropriate metric that describes the space-time in the vicinity of
a point mass M placed in an expanding background (see for example Ref. 36)
ds2 = −
(
1− 2GM
R
)
dt2 + a2(t)dr2 + R2dΩ2 , (45)
where dΩ2 = dθ2 + sin2 θdφ2, and R(t, r) = ra(t). The geodesics corresponding to
metric (45) reads36
R¨− a¨
a
R+
GM
R2
− Rϕ˙2 = 0 , (46)
where R2ϕ˙ = L with L being the constant angular momentum per unit mass.
We assume that at some initial time t1, the test particle is at circular orbit with
radius R1, and ϕ˙(t1) = ω¯0 =
√
GM/R31. Then, by introducing the dimensionless
parameters
ω0 := ω¯0t1 =
√
GMt21
R
3
1
, R :=
R
R1
, τ :=
t
t1
, (47)
the radial equation of motion (46) for a test particle in the Newtonian limit is given
in a dimensionless form as
R′′ =
a′′
a
R+
ω20
R3
− ω
2
0
R2
. (48)
where a prime stands for a derivative with respect to τ .
We are interested on the fate of bounded structure close to the little sibling of
the big rip. Therefore, the expansion of the universe is described by the Friedmann
equation (12) with solution (13). By plugging this solution into the Raychaudhuri
equation we obtain
a′′
a
≈
(
Ωx
2
H0(t− t1) +
√
ΩΛ +Ωxx1
)2
H20 t
2
1 +
Ωx
2
H20 t
2
1 =: λ
2(t) . (49)
Then, by substituting Eq. (49) in Eq. (48), we obtain the equation of motion of a
two body gravitating system in our expanding universe as
R′′ +
ω20
R2
(
1− 1
R
)
− λ2(t)R = 0. (50)
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The evolution of the radius of the bound system can be evaluated explicitly by
numerically solving the equation of motion (50) (see for example Ref. 36). An al-
ternative way to analyse the stability of the system is by calculating the effective
potential minimum of the above system and by studying the evolution of the po-
tential minimum;.i.e. does the minimum last for ever or does it disappear? If the
minimum last for ever, the gravitational structure will be stable, i.e. it will remain
bound in the future. However, if the minimum of the potential disappears as the
universe expands then the bound system will disappear.36 We will follow precisely
this approach to study the dynamics of the bound system (50).
Using the Newtonian form of the equation of motion R′′ = f(R) for the gravita-
tional force f(R), we can derive the effective potential that determines the dynamics
of the bound system (48) as36
Veff = −ω
2
0
R
+
ω20
2R2
− 1
2
λ2(t)R2 . (51)
where
1
2
R˙2 = −Veff (52)
The extremum of the effective potential (51) can be obtained by solving the
equationd:36
Rext − 1 = Q2(t)R4ext , (53)
where Q(t) := λ(t)/ω0, and Rext(t) is the time dependent radius of the bound
system. Fig. 4 shows values of the radius Rext, given by Eq. (53), for different
values of time.
Using the stability condition d2Veff/dR
2(Rmin) > 0 together with Eq. (53), we
find that the minimum of the potential is located in the range of the radius Rmin <
4/3; similarly, the condition d2Veff/dR
2(Rmax) < 0 implies that the maximum of
the potential occurs in the range Rmax > 4/3. As we have mentioned earlier, we
assume that initially the effective potential reaches some minimum value at t1; i.e.
the system is initially on a circular orbit Rmin(t1). We take t1 as the time when
the universe starts accelerating by using the method given in Ref. 36. In Fig. 4 we
show an example of the evolution of the effective potential Veff with respect to the
physical radius R.
We next estimate the time when the structure ceases to be bound. On the one
hand, Eq. (53) has a solution only when Q2(t) ≤ (27/256) =: Q2c (see footnote
d). On the other hand, the system becomes unbound when the minimum of the
potential (51) disappears; the time trip when the system becomes unbound is given
d The discriminant of the quartic potential on the r. h. s. of equation (53) reads D = −27Q4 +
256Q6.38 There are real solutions only when D < 0. We will stick to this case.
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R > 4 3
R < 4 3
0 1´ 109 2´ 109 3´ 109 4´ 109 5´ 109 6´ 109
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2.5
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H0t
R
Fig. 4. Numerical values of the radius Rext, given by Eq. (53), for the Solar system (where
ω0 ∼ 3.5 × 106). The region R < 4/3 on the curve shows the solutions for which the effective
potential of the bound system is minimum. For simplicity, we have assumed that x1 = − ln(1+zm),
Ωm = 0.315, Ωx = 10−3 and t1 ≃ 7.97 Gyrs, where zm and t1 corresponds to the redshift when
the universe starts accelerating.
t = trip
0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0
-12
-10
-8
-6
-4
-2
0
R
Veff
Fig. 5. A pictorial behaviour of the effective potential Veff (R) when approaching the time trip as
can be seen at that point the minimum of the potential disappears and the bound system as well.
by Q(trip) = Qc. Therefore, taking into account Eq. (49), we obtain
trip ≈ t1 + 2
ΩxH0
[√
Q2cω
2
0
t21H
2
0
− Ωx
2
−
√
ΩΛ +Ωxx1
]
. (54)
We will next compare the dissociation time for bound structure in our model
and a model with a big rip singularity. For this goal, we next review the results
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for the big rip model.10, 36 We consider a FLRW universe filled with a phantom en-
ergy component with a constant equation of state w˜. The corresponding Friedmann
equation in the dark energy dominated era can be approximated by
a˙2
a2
≈ H20 (1− Ωm)a−3(1+w˜). (55)
By integrating this equation, we find the scale factor as
a(t) =
[
1− H0
α
√
1− Ωm(t− t1)
]−α
, (56)
where α := 23|1+w˜| and we have considered a(t1) = 1. This equation implies that, at
tBR where
tBR − t1 ≈ α
H0
√
1− Ωm
, (57)
a big rip singularity happens in the future.10 Then, by substituting the solution
(56) into the Raychaudhuri equation, the corresponding λ˜2(t) := a′′/a for this
model reads
λ˜2(t) = H20 t
2
1 (1− Ωm)
(
1 +
1
α
)[
1− H0
α
√
1− Ωm(t− t1)
]−2
. (58)
The radial motion of a bound system in a universe with a future big rip singularity
is given by Eq. (50) after substituting λ(t) by λ˜(t). Following a similar procedure
to the one previously used, the time t˜rip for the dissociation of a bound system can
be obtained by setting Q˜2(t˜rip) := λ˜
2(t˜rip)/ω
2
0 = Q
2
c . Consequently, we obtain
t˜rip − t1 = α
H0
√
1− Ωm
− t1
√
α(α + 1)
ω0Qc
. (59)
By combining Eqs. (57) and (59) we can rewrite t˜rip as
t˜rip = tBR − t1
√
α(α + 1)
ω0Qc
, (60)
which indicates that the dissociation of a bound system occurs at a timescale
t1
√
α(α + 1)/(ω0Qc) earlier than the big rip.
We compare the dissociation time of a bound structure in both models in Table
2. As could be expected the milder character of the little sibling of the big rip
as compared with the big rip, leaves also its imprints on the dissociation time of
a bound structure; i.e. it would take a longer time for a given structure to be
dissociated in our universe if the doomsday would correspond to the little sibling of
the big rip rather than the big rip.
Before concluding this section, we would like to stress that the analysis we have
carried out and which is based on the evolution equation (48) is valid within a
Newtonian approximation and under a weak field limit as clearly stated in Ref. 36.
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Table 2. The dissociation times differences t˜rip − t1 (in the
model with big rip; cf. Eq. (59)) and trip − t1 (in our herein
model; cf. Eq. (54)), for three bound systems (with H0 = 70
km.sec−1.Mpc−1, and w˜ = −1.01 for phantom energy in the big
rip model). We took t1 ≃ 7.97 Gyrs, as the time when the uni-
verse starts accelerating. We further used ω0 = 3.5×106 for Solar
system, ω0 = 182 for Milky Way galaxy and ω0 = 4.15 for Coma
cluster.36
System t˜rip − t1 (yrs) trip − t1 (yrs)
Solar system 1.13× 1012 5.75× 1019
Milky Way galaxy 1.12× 1012 2.88× 1015
Coma Cluster 7.30× 1011 4.32× 1013
On the other hand, there are many choices of metrics one can use to interpolate
between a Schwarzschild and a FLRW metric (cf. Ref. 37). The results we have
obtained may be improved if a better interpolating metric is chosen. However, we
expect the approximation in equation (45) to be still valid as the universe approaches
the little sibling of the big rip because the matter part (the terms proportional to
GM in the evolution equation of the bound structure) is small as compared with
the expansion terms within such conditions. Therefore, the use of the evolution
equation (46) is quite fair in our analysis.
5. Conclusions
We present a dark energy model which deviates slightly from the ΛCDM at present,
cf. Eq. (3). Its energy density has a logarithmic correction of the scale factor as
compared with a pure cosmological constant, such that its influence on the past of
the universe is negligible in comparison with the other matter components of the
universe. At present it behaves like a cosmological constant. However, its future
behaviour is drastically different from that found on a ΛCDM. In fact, the universe
would be no longer asymptotically de Sitter as in the ΛCDM scenario but would
face what we named the little sibling of the big rip if A is positive (see Eq. (3)). At
this event the Hubble rate and the scale factor blow up but the cosmic derivative of
the Hubble rate does not. This abrupt event takes place at an infinite cosmic time
where the scalar curvature explodes. We use the nomenclature of the little sibling
of the big rip because (i) the Hubble rate diverges like in the big rip singularity and
(ii) it takes the universe an infinite cosmic time to reach the event like what happens
with the little rip event. We have as well analysed the outcome of bound structure
in the universe if its doomsday would corresponds to a little sibling of the big rip. It
turns out that even though the event seems to be harmless as it takes place in the
infinite future, the bound structures in the universe would be unavoidably destroyed
on a finite cosmic time from now (cf. Table 2).
In addition, we expect that a possible way to smooth the abrupt event corre-
sponding to the little sibling of the big rip singularity could be through the inclusion
of ultra-violet and infra-red modification of general relativity as the event happens
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in the future and at very high energies.30, 31, 35
In order to complete our analysis, we have also shown that a universe with a
negative value of A bounces in its future. The smaller is the dimensionless energy
density Ωx, quantifying the deviation of the dark energy model (3) from a cosmo-
logical constant, the latter would the bounce take place.
We have as well given a clear motivation for considering this model from the
point of view of the energy conditions, since the resulting cosmological model vi-
olates the WEC only in a controlled way even in the phantom dominated future
expansion, therefore, satisfying the QWEC. A deeper consideration of this fact
could lead us to doubt about the utility of the QWEC (see also Ref. 25), as we have
proven that this condition can be satisfied even when a singular event takes place.
On the other hand, the QFEC is violated only close to the singularity for small
enough values of A (that is, for large enough trip), where the universe suffers the
singular effects. This interesting behaviour could be suggesting that a more funda-
mental theory able to resolve singularities could be compatible with (or it may even
imply) the QFEC. Moreover, the fact that this conditions can be satisfied at the
turnaround of the model with A < 0 for small values of |A|, it is only confirming
the weaker character of this kind of events, which are not expected to be smoothed
by quantum effects.
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